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24 Abstract

26 Submodular function minimization is a polynomially-solvable com-
27 binatorial problem. Unfortunately the best known general-purpose
28 algorithms have high-order polynomial time complexity. In many ap-
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31 ties are bounded by a constant. We prove that every Valued Constraint
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35 lent instance is the result of establishing optimal soft arc consistency
36 and can hence be found by solving a linear program. From a practical
37 point of view, this provides us with an alternative algorithm for mini-
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of view, this brings to light a previously-unknown connection between
submodularity and soft arc consistency.
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1 Introduction

Soft (or valued) constraint satisfaction provides a framework which gener-
alizes the Constraint Satisfaction Problem (CSP) [22] to allow for an opti-
mization criterion [47, 42]. This criterion is the sum of cost functions, known
as soft (or valued) constraints. Hard constraints (also known as crisp con-
straints) can naturally be coded in the same framework by cost functions
which take on infinite values. This has allowed us to study, in the uni-
fying framework of a generic constrained optimization problem over finite
domains, such questions as

e what properties of the cost functions guarantee tractability [11, 12],

e which local reduction operations can simplify an instance, for example,
by rendering explicit a good lower bound to be used in branch and
bound search [17, 39, 16],

e what is the effect on algorithms of different properties of the set of
possible costs [14, 15],

Applications of soft constraint satisfaction abound in Artificial Intelligence,
Computer Vision and Bioinformatics [42].

Over boolean domains, there are only eight properties of cost functions
which guarantee tractability [8, 11]. Of these, three can be considered as
trivial and four can be considered as trivial extensions of tractable classes
of crisp constraints, such as Horn clauses or 25AT clauses. The remaining
tractable class is the set of submodular soft constraints. Over non-boolean
domains, the identification of all tractable classes of soft constraints remains
an open problem. In the special case of {0,1}-valued soft constraints, we
have conjectured that submodularity is again essentially the only reason for
tractability [10]. Indeed, over size-3 domains, this has been shown to be the
case [36].

Submodular function minimization (SFM) has numerous applications in
Operations Research [24, 44, 51]. For example, the cut function of a graph
[20] or a hypergraph is submodular [26]. Although it has been known for a
long time that the ellipsoid algorithm can be used to solve SFM in polyno-
mial time [28], this algorithm is not efficient in practice. Relatively recently,
several new strongly polynomial combinatorial algorithms have been discov-
ered for SFM [50, 31, 29, 30, 45]. These algorithms have been reviewed in
detail by McCormick [41]. Unfortunately, the time complexity of the fastest
published algorithms for SFM is O((n*y+n®) min{log M, n}), where n is the
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total number of variables, 7y is the time to evaluate the objective function f
and M is the maximum absolute value taken on by f [30, 45]. Nevertheless,
for certain special cases of SFM, more efficient algorithms exist. For exam-
ple, MINIMUM WEIGHTED CUT is a special case of SFM that can be solved
in cubic time [27].

Given a Valued Constraint Satisfaction Problem (VCSP) P, testing the
existence of a zero-cost solution can be expressed as a CSP, which we de-
note by Bool(P). We therefore briefly study CSPs in Section 2. In Section
3 we show that if P has submodular cost functions of arbitrary arity, then
Bool(P) is nevertheless equivalent to a VCSP Q with crisp binary submodu-
lar constraints. In Section 4 we show that soft arc consistency operations [17]
preserve submodularity. It is known that a VCSP Q with binary submodu-
lar constraints can be solved by finding a minimum cut (or equivalently, a
maximum flow) in a directed graph Gg [9]. We show, in Section 5, that for
any non-zero flow in Gg,e(p), there is a corresponding set of soft arc con-
sistency operations which increases the value of the nullary constraint ¢g in
P. In Section 6, we point out that after establishing optimal arc consistency
[16] in P, by definition, no such set of operations can increase ¢g. This
implies that the value of ¢g after establishing optimal soft arc consistency
is the cost of an optimal solution to P.

We emphasize that since the complexity of our algorithm is exponential
in the maximum arity of cost functions, it is only practical for the mini-
mization of the sum of locally-defined submodular functions (i.e. objective
functions which are the sum of cost functions of arity bounded by a constant
k). This is an essential assumption that we make throughout the paper.

2 Constraint satisfaction and polymorphisms

In this section we present some terminology and notation used to describe
the standard constraint satisfaction problem (CSP). The more general Val-
ued Constraint Satisfaction Problem is defined in the next section.

Definition 2.1 An instance of the constraint satisfaction problem,
CSP, is a tuple P = (V, D,C) where:

e V is a finite set of n variables;
e D=1{1,2,...,d} is a finite set of possible values;

e C is a set of constraints. Each element of C is a pair ¢ = (o, R)
where o is a tuple of variables called the scope of ¢, and R is a relation
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over D of arity |o| called the constraint relation of c.

Definition 2.2 For any CSP instance P = (V, D,C), an assignment for
P is a mapping s: V — D.

A solution to P is an assignment which satisfies all of the constraints.
That is, for each (o, R) € C, the tuple (s(v1),s(v2),...,s(v;)) € R, where
o= (V1,V2,...,0p).

Example 2.3 The standard problem of colouring the vertices of a graph G
with k colours so that adjacent vertices are assigned different colours can be
viewed as a special case of the CSP, where the constraint relation of each
constraint is the binary disequality relation, R, given by

R, = {{a,b) € D* | a # b}.

For any given graph (V| E), we have the corresponding CSP instance (V, D, C),
where D = {1,2,...,k} and C = {((v;,v;), Ryz) | {vs,v;} € E}.
This problem is well-known to be NP-complete when k£ > 3. O

If T is a set of relations over some fixed set D, we will write CSP(I") to
denote the class of all CSP instances where the constraint relations of all
constraints lie in T'.

For certain sets of relations I', the problem CSP(I") is NP-complete. (For
example, the set {R.}, where R is the disequality relation over some set
D with |D| > 3, as defined in Example 2.3.) For other sets of relations T,
the problem CSP(I") can be solved in polynomial time.

A finite set of relations I is called tractable if there exists a polynomial-
time algorithm to solve CSP(I'). An infinite set of relations I' is called
tractable if all finite subsets of I' are tractable. Many new tractable sets of
relations have been identified by investigating certain invariance properties
of relations, known as polymorphisms [7, 23, 34].

Definition 2.4 A function f: D™ — D is a polymorphism of a relation
R C D" if for all {a11,...,a17), .. {@mis--.,ams) € R, we also have

(flar1, .. yam1)y -, flaip, ..., ams)) € R.

If a relation R has a polymorphism f, then we will say that R is preserved
by f or that R is f-closed.

Example 2.5 A literal is a propositional variable X; (known as a positive
literal) or its negation —X; (known as a negative literal). A Horn clause is
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a disjunction of literals, at most one of which is positive. The relations over
the 2-element domain {0, 1} which are logically equivalent to a conjunction
of Horn clauses are precisely the relations having the polymorphism min :
{0,1}2 — {0, 1}, which returns the minimum of its 2 arguments [35].

A binary operation, min, which returns the minimum of its two argu-
ments, can be defined on any finite totally-ordered set D of arbitrary size.
Hence, for each such D there is an obvious generalization to the set, I'yin,
consisting of all min-closed relations over D. It has been shown [35] that
CSP(T'in) is tractable for all finite sets D. O

Many other tractable sets of relations have been identified, or extended,
thanks to the study of polymorphisms [4, 5, 6, 7, 34]. In fact, it is known
that the existence of a non-trivial polymorphism of a set of relations I' is a
necessary condition for tractability of CSP(I") [32, 23].

Definition 2.6 A majority operation is a function f : D3 — D satisfy-
mng
Vz,y € D, f(z,2,y) = f(z,y,2) = f(y,2,2) ==

A classic example of a majority operation is the function which returns the
median of its three arguments, since median(x, z,y) = x. It has been shown
that having a majority operation as a polymorphism is a sufficient condition
for tractability of a set of relations [23, 34, 33]. However, it is the following
more specific property of relations preserved by a majority operation which
is of more interest to us in this paper.

Definition 2.7 The projection of a relation R of arity r onto a pair of
positions i and j, which we denote by pr;; R, is the binary relation containing
all pairs that can be extended to elements of R. That is,

def
pri; R = {(zi,xj) | (x1,...,2;) € R}.

A relation R of arity r is said to be decomposable into its binary pro-
jections if

R={(x1,...,2,) € D" |Vi,j e {1,...,r}, (x,2j) € prin}.
Lemma 2.8 ([33]) Any relation which is preserved by a majority operation
18 decomposable into its binary projections.

When a relation is preserved by a majority operation, and hence decom-
posable into binary projections, this provides a very compact representation
for the relation, by simply listing the binary projections.
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3 Valued Constraint Satisfaction

In the constraint satisfaction problem, the aim is simply to find an assign-
ment to the variables which satisfies all of the constraints. In other words,
constraint satisfaction problems deal with feasibility rather than optimiza-
tion. To provide a more general framework, the notion of an all-or-nothing
constraint relation can be extended to the notion of a cost function which
assigns a specified cost to each possible assignment. We use R to denote
{fueR:u>0}U {0}

Definition 3.1 For any set D, an order-r cost function on D is a func-
tion ¢ : D" — Ry which assigns a cost ¢(ay,...,a,) to each combination
of values (a1, ...,a,) € D".

Definition 3.2 A cost function ¢ is said to be crisp if ¢(r1,...,x,) €
{0,00} for all choices of (x1,..., ).

A constraint relation can be modeled by a crisp cost function which
assigns a cost of 0 to permitted assignments and a cost of co to disallowed
assignments.

Definition 3.3 An instance of the valued constraint satisfaction prob-
lem, VCSP, is a tuple P = (V, D, C) where:

e V is a finite set of variables;
e D=1{1,2,...,d} is a finite set of possible values;

e C is a set of valued constraints. Fach element of C is a pair ¢ =
(o, ¢) where o is a tuple of variables called the scope of ¢, and ¢ is a
mapping from D\°l to R, called the cost function of c.

In the original and more general definition of the Valued Constraint Satis-
faction Problem [47], costs were allowed to lie in any positive tomonoid: a
totally ordered set S, with minimum element | and maximum element T,
closed under a commutative, associative, monotonic operation ¢ having |
as identity element. Under the additional assumptions of discreteness and
the existence of a partial inverse operation, it has been shown [15] that such
a structure S can be decomposed into independent positive tomonoids, each
of which is isomorphic to a subset of the natural numbers with the oper-
ator being either standard addition, +, or bounded addition, +,,, where
a +m, b =min{m,a + b}. The latter case is of some interest, because it can
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be used to model the process of branch and bound search (m being the cost
of the best solution found so far) [39]. However, for the purposes of this
paper we shall restrict attention to the standard case studied in Mathemati-
cal Programming where all costs lie in R and are combined using standard
addition.

Definition 3.4 For any VCSP instance P = (V,D,C), an assignment
for P is a mapping s : V. — D. The cost of an assignment s, denoted
Costp(s), is given by the sum of the costs for the restrictions of s onto each
constraint scope, that is,

Costp(s) def Z d(s(v1),8(v2), ..., 8(vm))-

({v1,v2,...,0m),¢)€C

An optimal solution to P is an assignment with minimal cost.

Example 3.5 We can code the search for a minimum cut in a directed
weighted graph G as a VCSP instance with a variable X; for each node ¢
of G and a valued constraint ((X;, X;), x") for each directed edge (i, ) of
weight w;; € R, in G, where

w ~ fw if (x,y) =(0,1)
XH(xy) = { 0 otherwise

There are also two unary constraints ((Xg), po) and ((Xy), u1), where s,t
are the source and terminal nodes, respectively, and

{oo if v #u

pu() = 0 fxz=uwu

The domain of all variables is {0,1}. The minimum cut corresponds to the
set of directed edges (7, j) such that X; =0 and X; = 1. 0

In order to analyse the tractability of valued constraint satisfaction prob-
lems, we defined a generalization of the notion of polymorphism which is
known as a multimorphism [11].

Definition 3.6 A list of functions, (f1,..., fm), where each f; is a function
from D™ to D, is a multimorphism of a cost function ¢ : D" — Ry if,

for all {a11,...,a1:), <., {(Qm1,- .., amyr) € D", we have
> e(filarn, s am), - filare, s ame) <Y dlai, - air)
i1 i1
7
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If (f1,..., fm) is a multimorphism of a cost function ¢, then the average
cost of a set of m assignments is lowered by applying the functions f1,..., fi
co-ordinatewise.

Example 3.7 A cost function ¢ has the multimorphism (min, max) if and
only if ¢ satisfies the submodularity condition

VZ,ge D" ¢ VY)+ T AY) < 6(T)+ o)

where V and A represent co-ordinatewise maximum and minimum operations
respectively, i.e. TV 7y = (max(z[1],y[l]),...,max(x[r],y[r])) where T =
(@[1],...,2[r]) and 7 = (y[1],..., y[r]). O

It is easy to verify that all unary cost functions (including u,,) are sub-
modular and that the cost function x*(x,y) of Example 3.5 is submodular.
Many other examples of binary submodular functions can be found in [9].
Over the domain D = {1,2,...,d}, examples of locally-defined submodular
functions ¢ of arity k > 2 include:

e generalized 2-monotone functions [10], i.e. functions ¢ : D" — {0,1}
of the form

0 if (25 <arA... Az, <ap)
¢(‘T17"'7xr) = V(Zﬂlebl/\.../\ﬂj‘qubq)
p otherwise

for some ai, ..., ap,b1,...,by € D,p € Ryand 1 < iq,... iy, j1,. .., Jq <
r, where p or ¢ may be zero.

e The Euclidean distance function between two points (z1, z2), (3, 24)
in the plane:

G(w1, 29, 3,24) = /(@1 — 23)2 + (12 — 74)2

We assume without loss of generality that each VCSP instance P has a
unary constraint ((X;), ¢;) for each variable as well as a nullary constraint
((), o). This latter constraint has an empty scope and hence simply rep-
resents a constant contribution to the cost of each * € D". A nullary
constraint is useful for storing a lower bound on Costp.

For any cost function ¢ we define the corresponding sets of feasible and
zero assignments in the following way.
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Definition 3.8 For any cost function ¢ : D" — R, the set of feasible
assignments for ¢, denoted Feas(¢), is defined as follows

Feas(¢) ey {TeD": ¢(T) < o0}
and the set of zero assignments for ¢, denoted Bool(¢) is defined as fol-
lows ot

Bool(¢) = {Ze€D":¢(z) =0}
Lemma 3.9 [11, 18] If ¢ : D" — Ry has the multimorphism (f1,..., fm),
then the relations Feas(¢) and Bool(¢) have the polymorphism f;, for i =
1,2....,m.

Lemma 3.10 If ¢ is submodular, then Feas(¢) and Bool(¢) are decompos-
able into their binary projections.

Proof: If ¢ is submodular, then it follows from Lemma 3.9 that Feas(¢) and
Bool(¢) are closed under the polymorphisms max and min. The operation
median can be obtained from max and min by composition:

median(z,y,z) = max(min(x,y), max(min(y, z), min(z, z)))

Hence, Feas(¢) and Bool(¢) are closed under the operation median, since the
set of polymorphisms of a relation are closed under composition [32]. There-
fore Feas(¢) and Bool(¢) are decomposable into their binary projections by
Lemma 2.8, since median is a majority operation. [

4 Submodularity-preserving transformations

Notation: If o is a subset of the variables V = {X;,..., X}, then we
use D7 to represent the set of possible assignments to the variables of o. If
T € D7 and X; € o, then T[i] represents the value assigned to X; by Z.

Definition 4.1 Two VCSPs P1 = (V,D,C1), P2 = (V,D,Cs) are equiva-
lent if Vt € DV, Costp (t) = Costp, ().

Definition 4.2 The subproblem of a VCSP (V,D,C) on U C V is the
problem VCSP(U) = (U, D, Cy), where Cyy = {{0,¢) € C: 0 CU}.
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Project({o,
¢i(a)

for all

), 1, a, p):
= gila) + p;
T € D7 such that Z[i] = a do
o(T) = 9T — p;

UnaryProject (i, p):
for all wu € D do
biw) = dilw) — p
o == ¢o + p;

Shift(<0-7 ¢>7 i?j? a? b’ p):
for all p € [1,a] do Project({c,¢),i,p, —p)
for all ¢ € [1,b] do Project({(o,®),7,q,p)

Figure 1: Three submodularity-preserving EPTs.

Definition 4.3 For a VCSP (V, D, C), an equivalence preserving trans-
formation (EPT) on U C V is an operation which transforms the subprob-
lem VCSP(U ) into an equivalent VCSP.

In a VCSP, all costs are non-negative. This property must be preserved
by an EPT so that ¢g remains a lower bound on Costp. Equivalence-
preserving transformations which increase the value of ¢y have proved very
effective in speeding up the exhaustive search for an optimal solution to
VCSPs in diverse applications [42]. They are mostly based on two basic op-
erations: Project and UnaryProject [16]. For a given valued constraint
(0,¢) and a given assignment X; = a (where X; € o), Project adds a cost
of p to ¢;(a), this increase being compensated by the subtraction of p from
each ¢(T) such that Z[i| = a. For a given variable X;, UnaryProject adds
a cost of p to the lower bound ¢g, this increase being compensated by the
subtraction of p from ¢;(u) for each u € D. These operations are given in
Figure 1.

The cost p may be positive or negative. We also allow the possibility
that the cost p is infinite (i.e. p € {—00, +00}). We extend the subtraction
of real numbers to R, by defining co — a = oo for all & € R,.. In particular,
00 — 00 = 00.

Definition 4.4 For S C RU{oo}, we say that an operation is S-closed if,
when applied to cost functions taking values in S, it returns cost functions

10
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Figure 2: The two VCSPs (a) and (b) are equivalent.

whose values are also in S.

Thus, for example, Project((c,®),i,a, p) is Ry -closed iff ¢;(a) +p > 0
and for all T € D7 such that Z[i] = a, ¢(T) — p > 0. We use the term
soft arc consistency (SAC) operation to denote either an R -closed
Project operation or an R, -closed UnaryProject operation. The term
soft arc consistency operation is used since these operations can be seen as
generalizations of arc consistency operations in CSPs [17]. It is trivial to
show that soft arc consistency operations are EPTs. It is also simple to
verify that soft arc consistency operations preserve submodularity.

Figure 1 also gives the operation Shift. Whenever Shift is R, -closed,
it is clearly also a submodularity-preserving EPT since it is just a sequence
of Project operations. As an example of the operation Shift, consider the
2-variable VCSP shown in Figure 2(a). An oval represents a variable, the
four small black circles inside each oval represent the values in the domain
D = {1,2,3,4}, a value p next to a domain value a in the domain of X;
represents a cost ¢;(a) = p, and a line joining a in the domain of X; with
b in the domain of X; represents a cost ¢;j(a,b) = p. If p < oo, then
applying Shift(((X;, X;), ¢i;),1,7,2,3, p) to this VCSP produces the VCSP
shown in Figure 2(b). For a non-negative cost p € R, Shift is R, -closed
iff Vp € [1,qa], ¢;(p) > p and Vp € [a + 1,d], Vq € [1,b], VT € D, Z[i] =
pAZj] =q= ¢(T) > p.

In order to give an alternative definition of Shift, we need the following
definition.

Definition 4.5 [9] Let D = {1,...,d}. A binary function ¢ : D> — Ry is

11
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a generalized interval constraint on D if it has the following form:

{0 if (x <a)V(y>b)

p otherwise

o(z,y)

for some a,b € {1,...,d+1} and some p € Ry. Such a function is denoted
P
Ma.p)-

We can explain the name of these functions by the fact that the unary func-
tion g(z) = nﬁl ) (x, ) returns the value p if and only if its argument lies in
the interval [a, b]. Outside of this interval g returns the value 0. Generalized
interval constraints are easily shown to be submodular [9]. In the VCSP
of Figure 2(a), ¢;(X;) is nﬁm (X, X;) and ¢;;(X;, X;) is ngs}(X,-,Xj). The
equivalence between the two VCSPs in Figure 2 is just one example of the
following more general result.

Lemma 4.6 For all a,b€ D = {1,2,...,d} and for all p € Ry,

7767@}(55755) + 77[[;4_1,1)}(33»3/) = nﬁvb](%y) + ﬁﬁﬂ,a](y,ﬂf)

Proof: It is easy to verify that both the left-hand side > and the right-hand
side of the equality are equal to the function v : D? — R, given by

p if (x<a)V(y<b)
0 otherwise

U(z,y) = {

Shift corresponds to subtracting the left-hand side of the equation in
Lemma 4.6 and adding the right-hand side of the same equation. We can
therefore rewrite Shift as shown in Figure 3.

In CSPs, local consistency operations [22] preserve polymorphisms. This
is an important property which has led to the identification of many classes
of tractable crisp constraints for which different levels of local consistency
provide a solution procedure [33, 6]. In VCSPs, soft local consistency oper-
ations [15] do not, in general, preserve multimorphisms (and, in particular,
submodularity). As an example, consider a VCSP with a ternary cost func-
tion ((X7, Xo, X3), ¢123), and a binary cost function ((X7, Xo), ¢12), where
¢123, 12 are both identically equal to 1, (and hence trivially submodular).
If a weight of 1 is projected from ¢i23 onto ¢12(0,0) then function ¢;2 is no
longer submodular. On the other hand, the submodularity-preserving EPTs
given in Figure 1 can be applied any number of times while guaranteeing
that the cost functions of the resulting equivalent problem are submodular.

12
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Shift((o, ¢),1,j,a,b, p):
for all T € D° do
@) = OF) — Wy @I + (@l TlD):
for all w € D do
¢i(u) = ¢i(u) — gy (u,u);
bi(u) = b(w) + nfly(uw)
end for;

Figure 3: Another way of writing the EPT Shift.

5 A lower-bound-increasing path transformation

Let ¢ = (o, ¢) be a valued constraint. Consider the crisp constraint (o, Bool(¢))
where we recall that Bool(¢) is the relation defined by, for all T € D,

T € Bool(¢) < ¢(x)=0

For X;, X; € o, let Ry, = pry; Bool(¢) be the binary projection onto variables
X;, X of Bool(¢). If ¢ is submodular then, by Lemma 3.10, Bool(¢) is
decomposable into its binary projections.

Consider a VCSP instance P = (V, D, ) with submodular valued con-
straints. Suppose that ¢9 = 0. Now, for T € DV, Costp(Z) = 0 if and
only if T satisfies the crisp constraint (o, Bool(¢)) for all valued constraints
¢ = (0,¢) of P. Hence, by Lemma 3.10, Costp(Z) = 0 if and only if
satisfies the binary crisp constraint ((X;, X;), Rfj> for all valued constraints
c = (o,¢) of P and for all X;, X; € 0.

We denote by Bool(P) the CSP whose constraints are exactly these bi-
nary crisp constraints, i.e. Bool(P) = (V, D,Bool(C)) where Bool(C) =
{({(Xi, X;), R;) : e = (0,¢) € C, X;,X; € g}. Note that Bool(P) con-
tains unary constraints (since we can have i = j) but no nullary constraint.
Bool(P) can be solved in polynomial time since all its constraints are max-
closed (and also min-closed) [35]. An alternative polynomial-time algorithm
for Bool(P) is obtained by observing that it is a special case (since it in-
volves only zero or infinite costs) of the minimization of the sum f of binary
submodular functions [9]. This latter algorithm constructs a graph Gp such
that the maximum flow, and hence the minimum cut, of Gp has a value
equal to the minimum value of f. An interesting property of Gp is that any
strictly positive flow in Gp corresponds to a set of equivalence-preserving
transformations in P that preserve submodularity and produce a better
lower bound for P.

13
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X, X; X, X;
1 1 -
2 2 /
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4 4
Gij 21 M3.3)

Figure 4: Example of the decomposition of a binary submodular function
¢;; into generalized interval constraints.

An obvious idea is to find and apply such EPTs until the final version of
P is such that Bool(P) has a solution. The lower bound stored in ¢y would
then be the minimum value of Costp. Unfortunately, since the increase in
¢g may become smaller and smaller at each iteration, this process is not
guaranteed to terminate in finite time. A solution to this problem will be
presented in the following section.

It is known that any binary submodular function ¢ : D?> — R, can be
expressed as the sum of generalized interval constraints [9]. Although the
binary constraints of Bool(P) correspond to relations Rf;, we can clearly
identify Rj; with the corresponding binary cost function ¢;; which returns a
value of 0 if (z,y) € Rf; and a value of oo if (z,y) ¢ R;. Figure 4 shows an
example of the decomposition of a binary submodular function ¢;;. In this
example, ¢;; = n&‘ju + 77?3?3}- In Figure 4, each line joining a in the domain
of X; and b in the domain of X; represents a cost ¢;;(a,b) = oo.

To express ¢;; as the sum of generalized interval constraints, we can use
the following procedure, which simply performs an exhaustive search for all
Mt which satisfy M) < ij- Recall that D = {1,...,d}. Set

q = max{u € DU{0}:1 <y <u= ¢;(d,y) = oo}
In the example of Figure 4, ¢ = 3. Let tg = 1 and then for r =1,...,¢q, set
t, = min{t € [t,_1,d]: d >z >t = ¢;;(z,7) = 0o}

In the example, we find .tl.: 2, to = t3 = 3, meaning that n[ozcjl] < ¢ij,
77??22} < ¢ijs 77??:3} < ¢;j. Similarly, set

p = max{v € DU{0}:1 <z <v= ¢;(x,d) = oo}
In the example of Figure 4, p = 0. Let so = 1 and then for r =1,...,p, set

sp = min{s € [s,_1,d] : d >y > s = ¢3;(r,y) = oo}

14
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Then ¢;; is the sum of the generalized interval constraints:

M (X X5) (r=1,...,q) and
M.(X5 Xi) (r=1,....p)

Note that, in this decomposition, n[otohr] (Xi, X;) is redundant if ¢, = t,4q
(for 1 < r < ¢) and, similarly, n[osor’r}(Xj,X,-) is redundant if s, = s,41
(for 1 <7 < p). In the example of Figure 4, we therefore find exactly the
decomposition shown in the figure. The decomposition of any crisp binary
submodular function ¢;; involves O(d) generalized interval constraints and
can clearly be found in O(d?) time by the above procedure.

Definition 5.1 Let P = (V,{1,...,d},C) be an instance of VCSP. We de-
note by GICp the set of all the generalized interval constraints derived from
the decompositions of the constraints of Bool(P). We define the directed
graph Gool(p) as follows.

o The vertices of Ggooi(p) are

{s,t} U{z"|x € V,u €{0,1,...,d}}

o The edges of Gpool(p) are as follows:

— for each x € V, there is an edge from s to z%;
— for each x € V, there is an edge from x° to t;

— for each x € V and each v € {1,2,...,d — 2}, there is an edge
from % to x¥TT.

o0

— for each generalized interval constraint ((m,y),n[a b]> e GICp,

a—1

there is an edge from y® to x These are called “constraint

edges”.

Figure 5 shows a 3-variable VCSP P with submodular cost functions.

It consists of four generalized interval constraints: two unary constraints
1

(77[11’3] (x,x) and n[1374} (z,2)) and two binary constraints (77[373} (x,y) and 77[14’2] (y,2)).

The corresponding graph Gpoe)(p) is shown in Figure 6.

The graph Gpaeyp) is an unweighted version of the graph defined in
[9] (which was itself inspired by a similar graph given by Creignou et al.
[18, 19]).
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77[11,3] (l’, 33‘) 77[13,3] (l’, y) 77[14,2] (y7 Z) 77[1374} (Zv Z)

Figure 5: An example of a 3-variable VCSP composed of four generalized
interval constraints.

Tg(:2)

Figure 6: The graph Gy p) for the VCSP in Figure 5 with a path from
the source s to the terminus ¢ (shown in thick lines).
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Lemma 5.2 If there is no path from s to t in the directed graph Gpool(p),
then Costp(T) = 0 where T € D™ is given by

Z[i] = min{u|X;" € N4} (1)

where N is the set of nodes of Gpoel(p) connected to s.

If, on the other hand, there is a path 7 from s to t in Ggeepy, then
the set of constraint edges on w, in inverse order, correspond to a set of
generalized interval constraints of the following form: n[of’+aj’bj](X,-j71,X,-j)

(j=1,...,p), where
e a;=0andb, =d;
o \V/jzl,...,p—l, ijaj_H.

Proof: Suppose that there is no path from s to ¢ in Gpyep)y, but that
Costp(T) > 0 where T € D™ is given by Equation (1). This means that T is
not a solution to Bool(P) and hence that T violates some generalized interval
constraint <<Xian>,77ﬁf,b}> € GICp. Therefore, T[i] > a and Z[j] < b. By
]

definition of Ny, there is a path in Gge(p) from s to X]-T[j . By construction
of Gooi(p), this path can be extended to X]l-’ (since Z[j] < b) and then to
X7t (since ((X,-,Xj>,nﬁ2b]> € GICp). Thus X! € Ny, which contradicts
the minimality of Z[i] since a — 1 < T[i].

The second half of the Lemma follows directly from the construction of
GBOO](P)' n

Let 7 be a path from s to t in Gpgep). For each generalized inter-

val constraint nﬁ‘:ra_ bl (Xi;_,,Xi;) corresponding to a constraint edge on T,
YRR}

there is a constraint ¢/ = (07, ¢/) satisfying ¢’ (%) > 0, for all T € DI?’| such
that (Z[i;—1] > 14 a;j) A (Z[i;] < b;). The path from s to ¢ in the graph
GBool(p) shown in Figure 6 corresponds, in inverse order, to the sequence of
generalized interval constraints 775 (z,x), 33 (z,y), uine (y, 2), 77[03‘?4](2, 2)
in Bool(P).

j—17

Lemma 5.3 Let 7 be a path from s to t in Gpeoyp) and let e, .., cP be
the constraints corresponding to the constraint edges of w in the inverse
order to that in which they are visited by w. Let apy1 = d. Then there
exists a real number p > 0 such that applying Shift(cj,ij_l,ij,aj,aj+1,p)
for j = 1,...,p (in this order), followed by UnaryProject(i,,p), is an
EPT which increases the lower bound ¢g of P by p.
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Figure 7: The result of applying a path EPT to the VCSP of Figure 5.

Proof: Shift(c¢/,i;_1,i;,a;,a;+1,p) subtracts 77[p1+aj,aj+1}(Xijfleij) from
@’. Let u be the minimum non-zero value taken on by the cost functions of
P. For p > 0 sufficiently small, for example p = u/p, this is possible (in the
sense that the resulting cost function takes on non-negative values) due to

the following three facts:
o ¢/(T) >0, for all T € D'l such that (Z[i;_1] > 1+ a;) A (Zi;] < b)),

° nf’Haj’aHﬂ(:n,y) = ponly for (z > 1+ a;) A (y < aj4+1) (and is equal
to 0 otherwise),

o b >aj

Shift(c/, ij—1,14,0aj,aj41, p) subtracts 77[p17aj}(Xij,17Xij,1) from ¢;,_, and
adds nﬁ’aHﬂ(Xij,Xij) to ¢;;. Now, n[plm](Xio,X,-O) is identically equal to
zero, since a1 = 0. For j = 2,...,p, it is possible to subtract nﬁﬂj](X,-F1 , Xij,l)
from ¢; ;1 since this same generalized interval constraint was added to ¢ij71
by the previous call to Shift, namely Shift(¢’~!,i;_2,i;_1,a;-1,a;,p). The
generalized interval constraint n[pLapH}(X,-p,X,-p), which is added to ¢;, in
the final call of Shift, is identically equal to p, since a,+1 = d. It is then
possible to apply the operation UnaryProject(iy, p), the final operation of

the EPT, which subtracts p from ¢;, and adds p to the nullary constraint
bo- J

In order to give a simple illustration of the EPT corresponding to a
path 7 in Gpoel(p) (which we call a path EPT), consider the path shown in
Figure 6. Figure 7 shows the result of applying the corresponding EPT. This
path EPT is equivalent to subtracting 77[1172} (r,z) + 77[1373} (z,y) + 77[14’2] (y,2)
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0 0 0 0 0
(a)
1 1 1 1 1
0 0 0 0 0
(b) do=1
1 1 1 1 1

Figure 8: A path EPT corresponding to the equivalence between objective
functions given in Equation 2.

+ 77[13 4](2, z) and adding 77[14 2 (y,x) + 77[13 3](2, y) + 1. We can see that this is
an EPT since, by two applications of Lemma 4.6,

77[11,2] (z, ) + 77[13,3] (z,y) + 77[1472} (y,2) + 77[13,4](2, z)
77[14,2] (y, @) + 77[1373} (z,y) + 7761,2](27 z) + 77[1374} (2,2)
= 77[14,2] (y, @) + 77[13,3}(»37 y) +1

As another example, consider the simple case in which P contains only
unary and binary valued constraints over the boolean domain D = {0,1}.
Then the following well-known equivalence between objective functions [3]

T+ TG+ TpoTy 1y = L+ 2iTe . a1 (2)

(where 2§ = 0 < z; = 1) corresponds to the path EPT with p = 1,
illustrated by the transformation from the VCSP of Figure 8(a) to the VCSP
of Figure 8(b).

Theorem 5.4 Let P be a VCSP with e submodular cost functions of arity
bounded by a constant k > 2 over domains of size d. Determining whether
min Costp is 0 or infinite can both be achieved in O(ed®) time. If 0 <
min Costp < 0o, then P can be transformed in O(ed*') time via a path
EPT into an equivalent VCSP with submodular cost functions and with an
explicit lower bound ¢g > 0.

Proof: First of all, notice that determining whether there exists some
T € D" such that Costp < oo (respectively, such that Costp = 0) involves
solving the CSP composed of the binary projections of the max-closed and
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min-closed constraints (o, Feas(¢)) (respectively, (o, Bool(¢))) for each val-
ued constraint (o, ¢) of P. This can be achieved in O(ed*) time for the
calculation of the binary projections plus O(ed?) time to solve the resulting
CSP by establishing arc consistency [35, 1].

In the following, we can therefore assume that min Costp is strictly pos-
itive and finite. The algorithm to increase ¢ involves three stages:

1. the construction of Ggyoi(p);
2. the search for a path 7w from s to ¢;

3. applying the EPT corresponding to such a path .

The construction of the graph Gpgelp) can be achieved in O(ed®) time;
the calculation of the binary projections (o, Bool(¢)) requires O(ed*) time
and the decomposition of the resulting binary constraints into the sum of
generalized interval constraints requires O(ed?) time. The number of edges
in Gpooi(p) is O(ed), since each of the (at most C?) binary projections of
each constraint is decomposed into O(d) generalized interval constraints.
Using appropriate data structures, finding a path from s to ¢ (which exists,
by Lemma 5.2, by our assumption that min Costp > 0) requires O(ed)
operations since this is an upper bound on the number of edges in Gyo1(p)-
Applying the EPT corresponding to a path m has time complexity O(edk“),
since Shift has complexity O(d¥) and the number of edges in a path 7 is
bounded above by the total number of edges in Gpgel(p). Thus, the time
complexity to increase ¢g by p > 0 is O(ed**1). As in the proof of Lemma
5.3, we can choose p = u/p (where p is the minimum non-zero value taken
on by the cost functions of ). Such a value of p can be calculated in O(ed")
time. ]

Consider a path 7 as in Lemmas 5.2 and 5.3. For each constraint ¢ =
(o,¢) of P =(V,D,C) and for each T € D7, let
N(e,m) = [j:1<j<p, & =c¢ (@ij1] >1+a)) A @lij] < aj)}|

—Hi:1<i<p, ¢ =c @] 21+ aj41) A (Tlij-1] < a;)}]
This is the number of times p will be subtracted from ¢(Z) when the
path EPT corresponding to 7 is applied. For example, suppose that ¢ =
(X1,X2,X3,X4), T = (2,1,2,1) and 7 contains the edges (X1, XJ) and
(X1, X1), both derived from the constraint (o, ). Applying the path EPT
corresponding to m requires calculating
o — 77[[)271](X17X2) - 77f)2 1}(X37X4)

)
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and hence we have to subtract 2p from ¢(2,1,2,1).

The maximum value of p which guarantees that costs remain non-negative

is

min{¢(Z)/N(c,T) : c=(0,¢) € C, T € D?, N(c,z) > 0} (3)
Assume that the original costs in P are all integers or infinite. Let M
represent min Costp. If we could always choose an integer value for p, then
after applying at most M path EPTs we would be guaranteed to find an
equivalent submodular VCSP P’ with Bool(P’) solvable. Unfortunately, the
value of p given by Equation (3) may be less than 1.

We can nevertheless identify a case in which p can always be chosen to
be an integer, namely the case of at most ternary cost functions over the
boolean domain D = {1,2}. By construction, any path 7 from s to ¢ in
GBool(p) Passes through just one node of the form z% and just one node of
the form y°, for some variables z,y. When d = 2, all other nodes on
must therefore be of the form 2!, for variables z. Thus, 7 (in inverse order)
corresponds to a sequence of generalized interval constraints of the form

nflo—‘,-aj,bj](Xij71 ; XZJ) (] = 1, . 7p)

where a1 = 0, b, = 2 and, for j =1,...,p -1, b; = a;11 = 1, or in other
words:

nflo,l](Xlo’X ) [ }(Xll’X )"'777F2071](Xip72’Xip71)7nf;Q](Xipfl7Xip)

If we assume that P is soft arc consistent [17], then we must have iy = i3
(otherwise there is some constraint (¢, ¢) bounded below by 77[11’1] (Xig, Xiy)
which would allow us to project a weight of 1 onto ¢;, (1), thus contradicting
soft arc consistency). Similarly, we can deduce that i, = 4, and hence
that the constraint edges (Xj,, X;,) and (X;,_,, X;,) correspond to unary
constraints. Assuming, without loss of generality, that 7 is cycle-free, the
variables X (j=1,...,p—1) are distinct. It follows that any set o of up
to three variables (the scope of an at-most-ternary constraint c¢) can only
include two of the scopes {X,J 0 X b {Xij/,leij/} 2<j<ji<p-1)if
ij = 1y_1. But when i; = ij_4, there is no T € D’ such that Z[i;] < aj11 =
1 and T[ij 1] = Z[i;] > 1+ a; = 2. Therefore N(c,7) < 1 for all T € D7,
which guarantees the integrality of p. In this special case of at most ternary
constraints over a boolean domain, a cubic-time algorithm is already known
for SFM [2] by reduction to MINCUT. An interesting question which arises
is whether there are other conditions which guarantee N(c,Z) < 1.
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6 SFM via Linear Programming

We now consider a direct application of Theorem 5.4. We show in this
section that, given an instance P of locally-defined SFM, there is always an
equivalent problem P’ on the same scopes in which the minimum value of
the objective function has been rendered explicit. Furthermore, P’ can be
found by establishing optimal soft arc consistency.

We have seen in the previous section that once an equivalent VCSP P’
has been found in which ¢9 = M (the minimum value of the submodular
function Costp), finding a minimizer is straightforward, since it is equivalent
to solving Bool(P’), a CSP with max-closed constraints [35]. We show in
this section that such an equivalent problem P’ can be found by solving a
linear program.

By definition, Shift is equivalent to a sequence of Project operations.
Furthermore, it is easy to verify that in a path EPT all intermediate prob-
lems are valid VCSPs in that all costs are nonnegative. Hence, a path EPT
is equivalent to a sequence of soft arc consistency operations. We now in-
troduce a more general transformation in which several soft arc consistency
operations can be applied simultaneously.

Definition 6.1 Given a VCSP P, a Soft Arc Consistency (SAC) Trans-
formation is a set of RU{oo}-closed Project and RU{co}-closed UnaryPro-
ject operations which, when applied simultaneously, transform P into an
equivalent valid VCSP. A SAC transformation is called optimal if it maxi-
mizes the lower bound ¢q.

If the operations which make up a SAC transformation are applied se-
quentially then the intermediate problems may have negative costs, since we
only impose the condition that they lie in R U {cc}. The final result must
nevertheless be a valid VCSP with nonnegative costs. In general, a SAC
transformation may be applicable to a VCSP and increase ¢g even when no
individual SAC operation can be applied. (Recall that a SAC operation pro-
duces nonnegative costs). An example is given in [16]. However, this is not
the case if the cost functions of P are submodular, since Theorem 5.4 tells us
that a path EPT can always be applied to P, unless ¢g = M = min Costp,
and a path EPT is simply a sequence of SAC operations.

Theorem 6.2 Let P be a submodular VCSP such that P contains a nullary
and all unary constraints (which may, in fact, be identically zero). Let M
denote min Costp. Then there is an equivalent submodular VOSP P’ with
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constraints on the same scopes as the constraints of P and with an explicit
nullary constraint ¢y = M.

Proof: It was shown in [16] that an optimal SAC transformation can be
found, for any VCSP, by first propagating infinite costs using a standard
generalized arc consistency algorithm [43, 40] and then by solving a linear
program. (A more detailed description of this algorithm is given below). If
the cost functions of P are submodular, then an optimal SAC transformation
necessarily produces a VCSP P’ in which ¢y = M. To see this, suppose that
we had ¢g < M in P’, then, by Theorem 5.4, a path EPT (which is a form
of SAC transformation) would exist to increase ¢g, but then this contradicts
the optimality of the SAC transformation. "

We can therefore consider Optimal Soft Arc Consistency (OSAC), which
consists in finding and applying an optimal SAC transformation [16], as an
algorithm for minimizing locally-defined submodular functions. The linear
program has O(ed+n) variables, where e is the number of valued constraints
in P, d is the domain size and n is the number of variables in P. In prac-
tice, for locally-defined SFM, this linear programming approach may very
well outperform combinatorial polynomial-time algorithms for submodular
function minimization [29, 31, 30, 50] despite the theoretical superiority of
these latter algorithms. Further research is required to compare, from a
theoretical and a practical point of view, our linear programming approach
with that of Cunningham [21] who uses Edmonds’ greedy algorithm to solve
in pseudo-polynomial time a similar but much larger linear program.

The linear programming approach for finding an optimal SAC transfor-
mation was first published in Russian by Schlesinger in 1976 [49], but has
only recently appeared in English [16, 52]. The dual problem, which can
be considered as a linear relaxation of the original VCSP P, has also been
studied independently, notably by Koster [37, 38]. We now give formally
the linear program and its dual.

We assume that all infinite costs have been propagated by SAC opera-
tions. This necessarily converges since each cost ¢,(z) can be increased to
oo at most once. In fact, the propagation of infinite costs by SAC opera-
tions in the VCSP P = (V, D, C) can be achieved by establishing generalized
arc consistency [43] in the feasibility CSP Feas(P) = (V, D, {(o, Feas(¢)) :
(o,¢) € C}), a standard operation in Constraint Programming for which
efficient algorithms have been developed [40]. Alternatively, the constraints
of Feas(P) can be decomposed into their binary projections and a standard
arc consistency algorithm applied [1].
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(a) Maximizey, ., Y ey Ui

(b) such that p7, € R (

(c) u; € R (i € N)
(d) =D (veEico) Pla T Ui < ¢i(a) (i

(e) ZiEU P;’@[i] < ¢5(T) (

a’) Minimizey, Y ey Dogep @i(@)di(a) + D cp > zepe Qo(T)do (T)
b') such that —ai(a) + 3 (zepe) zfij=a) @ (T) =0 (0 € E,i € N,a € D)

(
(
EC’) 2 aep @ia) =1
(

(i € N)
d) ai(a) >0 (i € Nya€e D)
e) ax(T) >0 (c € E,T € D?)

Figure 9: The linear program to maximize the lower bound ¢y of a VCSP
(lines (a)-(e)) and its dual (lines (a’)-(e"))

Then only finite costs can be propagated by Project and UnaryPro-
ject. We want to determine a set of such finite propagations which, when
applied simultaneously, maximize the increase in ¢g. For each valued con-
straint (o, ¢;) of P with |0 > 1, and for each variable i € o, let p?, be the
amount of cost projected by Project from ¢, to ¢;(a). Costs moved from
¢i(a) to ¢, are counted as negative in Project. Let u; be the amount of cost
projected by UnaryProject from ¢; to ¢¢9. Then the problem is to maxi-
mize ), u; while keeping the VCSP valid (i.e. no negative costs appear, thus
ensuring that ¢ is a lower bound). The resulting linear program is given
in Figure 9 (lines (a)-(e)), together with its dual (lines (a’)-(e’)). The set of
constraint scopes is denoted by FE, the set of variables by N = {1,...,n}
and the domain of each variable by D.

The dual problem can be considered as a linear relaxation of the original
VCSP P [37, 38]. There is a one-to-one correspondence between {0, 1}-
valued solutions to the dual problem and solutions T € D" to the original
VCSP P, this correspondence being given by «;(a) = 1 iff Z[i] = a. Further-
more, the value of optimal solutions to the linear program (and its dual)
is M, which is the value attained by optimal solutions T* to P. Therefore
the dual problem has {0, 1}-valued optimal solutions, corresponding to the
optimal solutions Z* to the original VCSP P. This result can be found in
[52] for VCSPs with finite-valued binary constraints and a similar result is
well known [21] for finite-valued VCSPs with a single global constraint.
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7 Discussion

We have studied submodular function minimization (SFM) when the ob-
jective function is the sum of submodular cost functions whose arities are
bounded by a constant. Cost functions may take on both positive real and
infinite values.

We introduced the notion of a submodularity-preserving EPT and gave
some examples. In fact, any transformation consisting of soft arc consistency
operations [17, 16] is a submodularity-preserving EPT. An intriguing open
question is whether any other equivalence-preserving transformations exist
which preserve submodularity (or other multimorphisms [11]).

The main result of this paper is that for any problem consisting of the
minimization of the sum of submodular functions, there always exists an
equivalent problem with cost functions on the same set of scopes and with the
actual minimum value of the objective function rendered explicit as a nullary
constraint. This equivalent problem can be found by establishing optimal
soft arc comsistency which can be achieved by solving a linear program.
Further research is required to determine whether this provides us with an
algorithm which is theoretically and/or practically efficient.

Since this linear program makes no explicit use of the domain orders,
it also finds the minimum value of a locally-defined permuted submodular
function, that is an objective function which can be made submodular by ap-
plying possibly different permutations to each variable domain. Schlesinger
[48] showed that given a locally-defined finite-valued permuted submodular
function, domain permutations which render it submodular can be found in
polynomial time by reduction to 2SAT.

Fujishige et al. [25] have recently devised and tested a minimum-norm-
point SFM algorithm based on Wolfe’s algorithm [53]. Although it is an
open problem to determine whether this algorithm is polynomial or not, it
proved dramatically faster than polynomial-time SFM algorithms [50, 31, 30]
on two classes of binary submodular VCSPs over boolean domains. Further
trials are clearly necessary to compare experimentally the various algorithms
now at our disposal for solving locally-defined SFM with non-binary valued
constraints over non-boolean domains.

Submodularity has recently been generalized to a larger tractable class in
which the functions min,max are replaced by arbitrary conservative commu-
tative functions [13]. (A function f: D? — D is conservative if Ya,b € D,
f(a,b) € {a,b}). Any algorithm for SFM could directly be applied here,
since the solution technique for this new tractable class is to eliminate un-
necessary values from domains, then apply an SFM algorithm after domain
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re-ordering.

In the theory of tractable constraint classes, some form of consistency is
a solution procedure for the majority of the known tractable classes. This
paper shows that this is again the case for the class of submodular valued
constraints, since optimal soft arc consistency is a solution procedure.
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