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Abstract. We present a novel approach to automatically reformulating
constraints defined as tables of allowed assignments to variables. Con-
straints of this form are common in a variety of settings. Specifically,
we propose an approach in which a high arity table constraint is refor-
mulated as a conjunction of lower arity constraints. The reformulation
is logically equivalent to the original constraint. We demonstrate that
by using functional dependencies from the field of database design such
reformulations can be found. We apply the approach to the problem of
generating explanations as minimal conflicts. We show that reformula-
tions can be found that yield compact explanations of inconsistency by
reducing both the number of variables required to explain inconsistency
and the arity of the largest constraint involved in the explanation. We
demonstrate our approach on real-world datasets with positive results.

1 Introduction

Constraint satisfaction techniques are ubiquitous in many practical problem-
solving contexts [21]. The fundamental notion in constraint satisfaction is to
separate the representation of a problem from the method used to solve it [8].
As the number of interactive systems built upon constraints technology increases,
several issues become a concern. For example, how should we integrate informa-
tion sources that are more naturally represented as tables, or simple databases,
with more traditional constraint-based methods? Also, how can we support the
generation of concise explanations when a set of constraints cannot be satisfied?

There are many contexts when explanations are required, particularly ones
that are concise in the sense that they involve few variables and low arity con-
straints. For example, it is common in user-focused interactive applications to
allow users to add unary constraints, i.e. assignments to variables, to a set of
background constraints that define the general problem being solved. When such
a set of constraints cannot be satisfied, one can compute a set-wise maximal
subset of the user’s choices that are consistent, or a set-wise minimal subset of
his constraints that are inconsistent. These are the standard notions of maxi-
mal (minimal) relaxation (conflict) that have been used in the artificial intelli-
gence community [7, 12]. Similarly, when a knowledge-base is defined in terms of



constraints, it may contain conflicts that incorrectly forbid solutions. By using
test-cases, e.g. possibly (partial) solutions that should be consistent with the
knowledge-base, minimal conflicts can be very helpful in identifying those prob-
lematic constraints. In these conflicts, large table constraints may be presented
in an explanation, but if they have high arity it can be difficult to identify the
precise cause. It is, therefore, interesting to consider reformulating these con-
straints into an equivalent set of constraints of lower arity. The expectation is
that minimal conflicts will only contain those interesting lower arity constraints,
thus helping the knowledge engineer identify the source of the problem more
effectively. Finally, in the most general setting where we wish to compute the
minimal unsatisfiable core of a constraint problem, reformulating large arity ta-
ble constraints can help find a more compact core involving fewer variables.

In the context of more general arity constraints, computing a minimal conflict
can be more challenging. However, again, there is a significant literature on
finding minimal conflicting sets of constraints, sometimes referred to as minimal
unsatisfiable subproblems [17]. The duality between conflicting sets of constraints
and relaxations is also well known [2, 6, 12, 20].

The objective of the research presented in this paper is to answer the follow-
ing question: how do we compute concise explanations when we have problems
involving constraints of very high arity, i.e. defined over many variables. We re-
gard an explanation as being concise if it involves constraints of low arity over a
small subset of the variables of the problem. In particular, we consider the case
of positive table constraints [15] which are defined using tables of consistent
assignments to a set of variables.

Our approach is to apply techniques used to normalise relational databases
to automatically reformulate a large arity constraint into a conjunction of lower
arity constraints. We can guarantee that the set of solutions to the reformulation
is equivalent to that of the original table constraint. Since the reformulation
involves constraints of lower arity, more concise explanations can be found. We
demonstrate these characteristics on several real-world datasets.

The contributions of this paper are as follows:

1. We present a well-founded approach to automatically reformulating posi-
tively defined table constraints using techniques from database design.

2. We show how to compute a best reformulation in which, for example, the
maximum constraint arity is minimised.

3. We prove a variety of properties of our approach, including: the equiva-
lence of the amount of pruning on the reformulation and the original table
constraint; the complexity class of finding a reformulation with a given max-
imum arity; and a uniqueness property on the reformulation for a given valid
set of functional dependencies that yields an efficient algorithm to find the
best reformulation.

4. We empirically demonstrate that our approach can find compact reformula-
tions of real-world table constraints, and that it can help find more compact
explanations. We also show that it is competitive with a proof-based method
for computing explanations.



The remainder of the paper is organised as follows. In Section 2 we present the
formal background required throughout the paper. We demonstrate the utility of
constraint reformulation for generating explanations in Section 3. We present our
approach to constraint reformulation in Sections 4 and 5. An empirical evaluation
is presented in Section 6. A number of concluding remarks along with a summary
of some interesting directions for future work are presented in Section 7.

2 Background

A constraint satisfaction problem (CSP) is defined by a set of variables, each of
which must be assigned a value from its domain, subject to a set of constraints.
Each constraint restricts the set of consistent assignments to a subset of the
variables. We define the CSP formally as follows.

Definition 1 (Constraint Satisfaction Problem). A constraint satisfaction
problem P is a triple P def= 〈X ,D, C〉, where: X = {x1, . . . , xnv} is a finite set
of variables; D = {D(x1), . . . , D(xnv)} is a set of domains corresponding to the
possible values of each variable; and C = {c1, . . . , cnc} is a set of constraints.
Each constraint ci ∈ C is defined by a scope and a relation. The scope denoted
scope(ci) is an ordered subset of X and the relation, rel(ci), is a set of tuples
over scope(ci) that satisfy the constraint ci. The number of variables constrained
by ci, i.e. |scope(ci)|, is known as the arity of the constraint ci.

Definition 2 (Solution to a CSP). Given a CSP P def= 〈X ,D, C〉 and given
any constraint ci ∈ C, an assignment t to the variables in scope(ci) satisfies ci

if t ∈ rel(ci). We denote as t[xi] the value v ∈ D(xi) assigned to xi in t. An
assignment t of X is a solution of P if for every ci ∈ C, the projection of t to
scope(ci) satisfies ci. We denote as sol(P) the set of all solutions to P.

Example 1 (A Simple CSP). We demonstrate the definitions given above on a
simple example CSP in which X = {x1, x2, x3, x4},D = {D(x1) = {0, 1, 2}, D(x2) =
{0, 2, 4}, D(x3) = {0, 1, 2, 3}, D(x4) = {2, 3, 4}}, and the constraints C are:

c1(x1, x3)
def= {(0, 0), (1, 0), (2, 1), (0, 2), (2, 3)},

c2(x1, x4)
def= {(0, 4), (1, 2), (2, 3), (2, 2)},

c3(x2, x3)
def= {(0, 0), (4, 1), (4, 2), (2, 3)},

c4(x2, x4)
def= {(0, 4), (0, 2), (4, 3), (4, 4), (2, 2)}.

The constraints scopes are {x1, x3}, {x1, x4}, {x2, x3}, and {x2, x4}, and the re-
lations are the sets specified in the right-hand sides above. Using the natural
subscript ordering for the variables in X , the set of solutions to our example
CSP are:

{(0, 0, 0, 4), (0, 4, 2, 4), (1, 0, 0, 2), (2, 2, 3, 2), (2, 4, 1, 3)}.

N



In this paper we are interested in automatically computing equivalent re-
formulations of large arity table constraints. It is useful, therefore, to formally
define the meaning of equivalence between CSPs.

Definition 3 (Equivalent CSPs). Given a CSP P def= 〈X ,D, C〉 and a CSP
P ′ def= 〈X ,D, C′〉 we say that P is equivalent to P ′ if both problems have equivalent
sets of solutions, i.e. sol(P) ≡ sol(P ′).

When we reformulate a high arity constraint c we obtain a conjunction of
lower arity constraints, c1, . . . , ck, where the scope of each cj is a subset of
scope(c). To define the notion of restricting a tuple of allowed values to a sub-
scope of the original constraint we use the projection operator from Codd’s
Relational Algebra.

Definition 4 (Scope Restriction [10]). Let r be a relation over a set of vari-
ables Y and t, a tuple of r. The projection onto Z ⊆ Y of t, denoted t[Z], is
the restriction of t to Z. The projection of r onto Z, denoted σZ(r), is the set
{t[Z]|t ∈ r}.

Scope restriction is a form of constraint relaxation. Informally, by restricting
the scope of a constraint we are reducing the number of variables that are con-
strained. Therefore, any tuple satisfying the original constraint also satisfies the
relaxation.

Definition 5 (Relaxation of a Positive Table Constraint). We say that
constraint cr with a scope X = scope(cr) is a relaxation of constraint c if X ⊆
scope(c) and rel(cr) = σX(rel(c)), i.e. the set of allowed tuples of the relaxation
cr are obtained by projecting the set of allowed tuples of c onto the set of variables
constrained by cr. The constraint cr corresponding to the relaxation of c on X
is also denoted ΠX(c).

Based on the notion of constraint relaxation, we can regard a reformulation
of a constraint as a subset of its (irredundant) relaxations.

Definition 6 (Constraint Reformulation). A reformulation ∆(c) of a pos-
itive table constraint c is a set of relaxations R def= {c1, . . . , ck} of c such that
∀ca, cb ∈ R, a 6= b, scope(ca) * scope(cb).

The notion of reformulation can be extended to scopes; a scope reformulation
in the following is intended as a set of subsets of scopes defining the relaxations
involved. As a notational convenience, we often denote a reformulation of a
constraint c by its scope reformulation.

Example 2 (Constraint Reformulation). Consider the following constraint, over
the same variables and domains as those in Example 1:

ca(x1, x2, x3, x4)
def= {(0, 0, 0, 4), (0, 4, 2, 4), (1, 0, 0, 2), (2, 2, 3, 2), (2, 4, 1, 3)}.



A reformulation of this constraint, in terms of two relaxations of ca, is as follows:

c1
a(x1, x2, x4)

def= {(0, 0, 4), (1, 0, 2), (2, 4, 3), (0, 4, 4), (2, 2, 2)},
c2
a(x1, x3)

def= {(0, 0), (0, 2), (1, 0), (2, 1), (2, 3)}.

We will refer to this reformulation as ∆(ca) = {{x1, x2, x4}, {x1, x3}}. Note that
the set of solutions to the reformulation is not equivalent to those of ca, since
the tuple (0, 4, 0, 4) is allowed by this reformulation. However, note that the set
of constraints in Example 1 forms an equivalent reformulation of ca. N

Reformulations that give rise to conjunctions of constraints that are equiva-
lent, i.e. have the same set of solutions, are very important. We refer to such re-
formulations as lossless, in keeping with the standard terminology in databases1.

Definition 7 (Lossless Reformulation). Given a CSP P def= 〈X ,D, {c}〉 in-
volving a single constraint c. ∆(c) is a lossless reformulation of c if the CSP
P ′ def= 〈X ,D,∆(c)〉 is such that sol(P) ≡ sol(P ′).

We will focus on such lossless reformulations in the remainder of this paper.

3 An Application of Lossless Constraint Reformulation

In many real-world problems we have to deal with large arity table constraints.
For example, in the well-known Renault Megane Car Configuration Problem [1],
all constraints are represented as extensional table constraints, each defined by a
set of allowed tuples of assignments. The constraints in this problem involve up
to ten variables. When a set of constraints does not admit a solution, a common
form of explanation is to generate a minimal conflicting set of constraints, i.e.
a set of constraints that is inconsistent, but all proper subsets of this set are
consistent. When our problem formulation contains many high arity constraints,
such an explanation may not be concise. However, a lossless reformulation may
exist that gives a very concise explanation.

Example 3 (Explanations from Lossless Reformulations). Consider the following
set of constraints, each of arity four:

c1(x1, x3, x4, x6)
def= {(2, 0, 0, 1), (1, 1, 1, 2), (2, 0, 2, 1), (1, 1, 0, 0)},

c2(x1, x2, x5, x7)
def= {(0, 1, 0, 1), (1, 2, 2, 0), (1, 0, 1, 0), (2, 1, 0, 2)},

c3(x5, x2, x3, x4)
def= {(1, 0, 2, 2), (2, 1, 1, 2), (0, 2, 0, 1), (2, 1, 2, 1)}.

This set of constraints does not admit a solution. A minimal conflict set that
is sufficient to explain this inconsistency involves all three constraints. This is

1 Note that in our context by selecting a reformulation that is not lossless the refor-
mulation admits solutions that are inconsistent with the original constraint. In this
setting we have “lost” information ruling out some combinations of values.



because by removing any of the constraints, the problem becomes consistent and
a solution can be found.

However, a lossless reformulation provides a much more compact explana-
tion. It can be shown that each of the constraints above is equivalent to the
corresponding conjunctions of constraints given below:

c1(x1, x3, x4, x6) ≡ {c1
1(x1, x3), c2

1(x1, x6), c3
1(x4, x6)},

c2(x1, x2, x5, x7) ≡ {c1
2(x1, x7), c2

2(x5, x2), c3
2(x1, x2)},

c3(x5, x2, x3, x4) ≡ {c1
3(x2, x5), c2

3(x2, x3, x4)}.

On this reformulation, the inconsistency can be more compactly explained by
showing the following set of constraints from the reformulation:

{c1
1(x1, x3), c2

3(x2, x3, x4), c3
2(x1, x2)}.

In fact, an even more compact explanation can be found since in c2
3, x4 is not

required to explain the inconsistency. However no lossless reformulations can
highlight this fact2. N

We now present how lossless reformulations can be computed automatically.

4 Reformulation of Positive Table Constraints

In contrast with earlier work, e.g. [10], our approach to computing lossless refor-
mulations of positive table constraints exploits the concept of functional depen-
dencies in a relation [11]. A functional dependency in a relation rel(c) is written
as F : X → y, where X ∪{y} ⊆ scope(c). A functional dependency states that if
a pair of tuples in the relation take the same values for the variables in X, they
must also take the same value for variable y.

A functional dependency F : X → y is minimal if y is not functionally
dependent on any subset of X. It is said to be trivial if y ∈ X. Algorithms for
finding the set of all minimal and non-trivial dependencies that hold in a given
relation are known [11].

Example 4 (Functional Dependencies in Constraint Relations). Consider con-
straint ca from Example 2, presented below:

ca(x1, x2, x3, x4)
def= {(0, 0, 0, 4), (0, 4, 2, 4), (1, 0, 0, 2), (2, 2, 3, 2), (2, 4, 1, 3)}.

The following minimal functional dependencies (among the seven that exist for
this relation) hold in ca: F1 : {x3} → x2,F2 : {x1, x2} → x3, and F3 : {x1, x2} →
x4. The values of x2 are uniquely determined by the value of x3 and the values
of x4 and x3 depend, similarly, only on the values taken by x1 and x2. The
dependency {x2} → x3 does not hold because value 4 of x2 does not determine
the value of x3 (2 or 1). N

2 The approach mentioned in Section 6.2, based on proof-based explanation, could
eventually find the conflict {c1

1(x1, x3), c
2′
3 (x2, x3), c

3
2(x1, x2)}.



Based on a set of functional dependencies that hold on the relation of a
constraint, we define a lossless reformulation of the constraint into a conjunction
of constraints as follows.

Definition 8 (Constraint Reformulation using a Functional Dependency).
Let c be a positive table constraint, F : X → y a functional dependency that holds
on rel(c) such that X∪{y} ⊂ scope(c). The reformulation of c, denoted ∆(c,F),
using F is defined by:

∆(c,F) = {Πscope(c)−{y}(c),ΠX∪{y}(c)}.

Given a positively defined table constraint c and a functional dependency
F : X → y holding on rel(c), constraint c can be decomposed into a pair of
constraints. The first constraint is defined over the scope scope(c) − {y}, while
the second constraint is defined over the scope X ∪{y}. Informally, a functional
dependency allows us to split the scope of a constraint by eliminating the func-
tionally dependant variable y. The notion of reformulation is again extended to
scopes, with ∆(scope(c),F) = {scope(c)− {y}, X ∪ {y}}.

Example 5 (Constraint Reformulation using a Functional Dependency). Con-
sider again the constraint ca and the functional dependencies presented in Exam-
ple 4. The original scope of ca is (x1, x2, x3, x4). If we apply F3 : {x1, x2} → x4,
this scope is split into (x1, x2, x3) and (x1, x2, x4), in accordance with the pro-
cedure above. If we apply F1 : {x3} → x2 on the scope (x1, x2, x3) we can split
this into (x1, x3), (x2, x3) and the resulting lossless reformulation of ca is made
of (x1, x3), (x2, x3) and (x1, x2, x4). N

Since we perform constraint reformulation using functional dependencies the
following theorem immediately follows.

Theorem 1 (Lossless Reformulation). The reformulation ∆(c,F) of con-
straint c using the functional dependency F holding on rel(c) is lossless.

Proof. Follows from the definition of functional dependency. �

While it is of paramount importance that decomposing a constraint into a
conjunction of lower arity constraints does not unsoundly relax the problem, we
may also be concerned with how constraint propagation is affected. Fortunately,
we can show that achieving generalised arc consistency (GAC) [5, 15, 16] on the
reformulation is equivalent to achieving GAC on the original constraint.

Theorem 2 (Constraint Propagation on the Reformulation). Let ∆(c,F)
be a reformulation of a constraint c using the functional dependency F : X → y
holding on rel(c). Achieving GAC on each ci ∈ ∆(c,F) is equivalent to achieving
GAC on c.

Proof. We show that given a variable x ∈ scope(c), different from y, and a value
from the domain of x, i.e. v ∈ D(x), a pair (x, v) has a support in c if and only
if it has a support in c1 = ΠX∪{y}(c) and c2 = Πscope(c)−{y}(c). In a similar way



we show that a pair (y, v) has a support in c if and only if it has one in c1. There
are, thus, two cases to consider: (a) where x 6= y, and (b) where x = y. We first
consider the case where x 6= y:

⇒ Let t be the support of (x, v) in c. Then, (x, v) is supported in both t[X∪{y}]
and t[V − {y}] in c1 and c2, respectively.

⇐ Let t2 be a support of (x, v) in c2 then t1 = t2[X] is a valid tuple of c1 and
there is only one possible value for t1[y] because y is determined by X. Thus,
the tuple t such that t[scope(c) − y] = t2 and t[y] = t1[y] is a valid tuple of
c and supports (x, v).

In the case where x = y, similar reasoning holds and for any support t in c of
(y, v), t[X ∪{y}] is a support in c1 and a support in c can be built similarly from
a support in c1. �

Our reformulation strategy is essentially the same as that used in database
design to decompose relations into a normal form called Boyce-Codd Normal
Form (BCNF). BCNF ensures a lossless reformulation, but does not preserve
the dependencies (some dependencies that hold in the original scope may no
longer be found in the resulting reformulation because their scope has been split
by the use of another dependency). A relation is in BCNF if the left-hand side
of all remaining functional dependencies determine every other attribute of the
relation. However, we can often decompose relations further. Specifically, in this
paper we focus on minimal reformulations3.

Definition 9 (Minimal Reformulation). Given a constraint c, the reformu-
lation ∆(c, δ) obtained from a set of dependencies δ holding on rel(c) is said to
be minimal if each element of ∆(c, δ) cannot be decomposed further and there
does not exist a reformulation ∆′(c, δ) ⊂ ∆(c, δ) such that ∆′(c, δ) is lossless.

Example 6 (Minimal Reformulation). Consider the constraint scope c(x1, x2, x3, x4)
on which F1 : {x1, x4} → x3, F2 : {x1} → x2 and F3 : {x3} → x1 hold. We use
these functional dependencies in the order F1, F2, F3, to produce the following
sequence of reformulations:

– ∆1(c,F1) = {{x1, x4, x3}, {x1, x2, x4}};
– ∆2(c, {F1,F2}) = {{x1, x4, x3}, {x1, x2}, {x1, x4}};
– ∆3(c, {F1,F2,F3}) = {{x1, x3}, {x3, x4}, {x1, x2}, {x1, x4}}.

The final reformulation, ∆3(c, {F1,F2,F3}) is not minimal. In ∆2(c, {F1,F2}),
the scope {x1, x4, x3} contains the scope {x1, x4} (the first constraint implies
the other), therefore the latter can be removed while still ensuring that the
resultant reformulation is lossless. In fact, the decomposition of {x1, x4, x3} that
follows is itself lossless. A minimal decomposition would, therefore, be {{x1, x3}
, {x3, x4}, {x1, x2}}. N

3 The notation ∆(c,F) is extended to sets of dependencies and ∆(c, δ) refers to the
reformulation obtained from a set of dependencies δ.



Notice that a minimal reformulation is in BCNF, but a BCNF might not
be minimal. Also, it is sometimes possible to decompose relations beyond what
is possible using functional dependencies alone, while still obtaining a lossless
reformulation. However, Theorem 2 is no longer guaranteed to hold, so con-
straint propagation can be adversely affected. We will illustrate the point on
two constraints introduced previously in this paper and presented in Table 1.

Table 1. Two examples of table constraints used in previous examples.

ca c3

x1 x2 x3 x4 x1 x2 x3 x4

0 0 0 4 1 0 2 2
1 0 0 2 2 1 1 2
2 4 1 3 0 2 0 1
0 4 2 4 2 1 2 1
2 2 3 2

Consider the following reformulation of constraint ca given in Example 5:

∆(ca, {F3,F1}) = {{x3, x2}, {x1, x3}, {x1, x2, x4}}.

At first glance, no further reformulation can be performed on the constraint
defined over scope {x1, x2, x4} because no single variable determines any other
among {x1, x2, x4}. However the following reformulation is lossless:

∆∗(ca) = {{x3, x2}, {x1, x3}, {x1, x4}, {x2, x4}}.

To see the reason that this reformulation is lossless, we will consider the relation
of this constraint in more detail. For a relation rel(c) over a set of variables
X ∪ {y}, we denote by support(y, t[X]) the set of values in D(y) that can be
used to extend t to a tuple in rel(c). These values are called the supports of t
in D(y). We can decompose the subscope {x1, x2, x4} into {{x1, x4}, {x2, x4}}
because, firstly, the functional dependency F : {x1, x2} → x4 holds in this
relation and, secondly, the following property holds: ∀v1 ∈ D(x1), v2 ∈ D(x2) :
|supports(x4, x1 = v1) ∩ supports(x4, x2 = v2)| = 1. For example with v1 = 2
and v2 = 4 we get {3, 2}∩{3, 4} = {3}. x1 and x2 determine x4 independently of
each other and do not need to be considered together. This is a much stronger
property than that imposed by a functional dependency.

We now consider c3, with the two functional dependencies Fa : {x2, x4} → x3

and Fb : {x2} → x1. Notice that, in this case, supports(x3, x2 = 1) = {1, 2} and
supports(x3, x4 = 2) = {2, 1}, so that |{1, 2}∩{2, 1}| > 1. Therefore, x2, x4 can-
not independently determine the value of x3 but need to be considered together.
The reformulation, therefore, remains ∆(c3, {Fb}) = {{x2, x1}, {x2, x3, x4}}. It
is impossible to find a lossless reformulation of c3 into binary constraints.

However, while we could decompose ca into a set of binary constraints, achiev-
ing arc consistency on these is not equivalent to achieving GAC on ca, even



though the reformulation is lossless. This is not surprising of course. Consider the
example of Permutation(x1, x2, x3) (Alldifferent(x1, x2, x3) where each
variable has a domain of size 3). Functional dependencies alone cannot de-
compose this constraint into binary constraints, but it can be decomposed into
x1 6= x2, x1 6= x3 and x2 6= x3 using F : {x1, x2} → x3 and the fact that
∀v1 ∈ D(x1), v2 ∈ D(x2) : |supports(x3, x1 = v1) ∩ supports(x3, x2 = v2)| = 1.
Such a reformulation is lossless, but it is also well known that it does not achieve
GAC, unlike the AllDifferent global constraint [18].

Finally, note that the worst-case complexity of enforcing GAC on a reformu-
lation ∆(c) with |∆(c)| = k might be better than on the original constraint.
The complexity of GAC relies on the maximum number of tuples involved
in any constraint relation, s = maxci∈∆(c)(|rel(ci)|), or the maximum arity,
a = maxci∈∆(c)(|scope(ci)|), depending on the GAC scheme used [5, 16]. How-
ever it is easy to see that s is always equal to |rel(c)| in what remains of the initial
relation. By using a dependency, a small table can be extracted but the number
of tuples of the relation from which the variable is removed remains unchanged.
This does not mean that the overall reformulation cannot be more compact.
Specifically its memory size, computed as the number of entries in the tables
ms =

∑
ci∈∆(c)(|rel(ci)| × |scope(ci)|), can be smaller than |rel(c)| × |scope(c)|;

a and ms therefore provide a formal basis to characterise a good reformulation
in terms of space and time complexity. More specifically, the time complexity of
achieving GAC on the reformulation is either O(k×a2×da) or O(k×a2×d×s),
where a constraint check can be performed with cost equal to the arity, a, of the
constraint. Moreover the complexity of the most recent algorithm for positive
table constraints relies on both s and a [15]. In the following, we will focus on the
problem of finding the reformulation where a is minimal since it matches our ob-
jective to find a reformulation that guarantees that more compact explanations
of inconsistency can be found.

5 Finding Optimal Reformulations

The typical objective in reformulation is to find an equivalent formulation of a
problem instance that is more efficient to solve than the original. In this pa-
per we have a different objective, namely to reformulate in order to generate
more compact explanations of inconsistency. In this section we will consider the
problem of how to find an optimal reformulation of a problem using functional
dependencies. The objective function here is to minimise the largest arity of
the constraints in our reformulation. In Section 5.1 we will consider the notion
of a valid reformulation sequence, since the order in which we apply functional
dependencies is important. In Section 5.2 we prove the complexity class of find-
ing a reformulation of a problem in which the maximum arity is bounded. In
Section 5.3 we will present an approach to finding the reformulation with the
minimum largest arity.



5.1 Valid Reformulation Sequences

A reformulation is obtained by applying a sequence of functional dependencies.
However, as dependencies are applied, others may no longer be applicable to the
reformulation we obtain. For example, in Example 5 we did not apply functional
dependency F2 : {x1, x2} → x3. This is because having applied F1 and F3 it was
no longer applicable, since no scope in our reformulation could be decomposed
with it. Two dependencies cannot be applied in the same scope if they have, for
example, the same right-hand side. Others have to be applied in a given order.
For two dependencies Fi : Xi → yi and Fj : Xj → yj we will say that Fi ⊂ Fj

if and only if Xi ∪ {yi} ⊂ Xj ∪ {yj}.

Theorem 3 (Valid Ordering of Functional Dependencies). Given a con-
straint c, let Fi : Xi → yi and Fj : Xj → yj be two minimal functional
dependencies that hold in rel(c) such that yj ∈ Xi ∪ {yi} and Fi 6⊂ Fj (i.e.
Xi ∪ {yi} 6⊂ Xj ∪ {yj}). Then, when Fi and Fj are applied on the same scope,
Fi can only be applied before Fj, which we denote as Fi ≺ Fj.

Proof. Suppose that Fi and Fj are applied on the same scope for example
scope(c). Applying the functional dependency Fj would give rise to two new
constraints with the scopes Xj ∪ {yj} and scope(c) − {yj} (by Definition 8).
Xi ∪ {yi} can neither be part of scope(ci) − {yj} if yj ∈ Xi ∪ {yi} nor part of
Xj ∪ {yj} since Fi 6⊂ Fj . Therefore, Fi can no longer apply. �

Given a set of dependencies δ, we denote by Gδ the directed graph of prece-
dences between the dependencies in δ. The nodes of Gδ are the dependencies in
δ. An edge (Fi,Fj) is added if Fi ≺ Fj , i.e. Fi can only be applied before Fj . For
the sake of simplicity, we will denote by δ(S) the subset of δ applying on scope
S: δ(S) = {Fi ∈ δ|Xi ∪ {yi} ⊆ S}. To fully characterize a set of dependencies
that can be used to give rise to a reformulation, we define the root of a set δ and
a scope S as root(δ, S) = {Fi ∈ δ(S) | ∀Fj ∈ δ(S) : Fi 6⊂ Fj}, i.e. the subset of
δ that applies to scope S and where no dependency is included in another.

Definition 10 (Valid Set of Dependencies). A set of functional dependen-
cies δ∗ ⊆ δ holding on a scope S is said to be valid if and only if Groot(δ∗,S) is
acyclic and ∀Fi : Xi → yi ∈ δ∗, Groot(δ∗,Xi∪{yi}) is acyclic.

Example 7 (Valid Set of Dependencies). Consider the set of dependencies δ =
{F1, . . . ,F4} and their corresponding precedence graph presented in Figure 1.
The set of functional dependencies δ∗ = {F1,F3,F4} is a valid set, since it
can be verified that root(δ∗, S) = {F1,F4}, root({F1}, {x1, x2, x3}) = {F3},
root({F4}, {x1, x4}) = ∅ and root({F3}, {x3, x2}) = ∅ all correspond to acyclic
subgraphs of Gδ. N

All dependencies in a valid set δ can be used to decompose the original scope
by applying them in an order compatible with the precedences of Gδ. Moreover,
the reformulation associated with the valid sequence of δ, using all elements of δ,
is unique. This is a keystone result for the reformulation algorithm we propose,
and we prove another observation related to the minimality of dependencies to
help understand it more easily.



F1

F3

F2

F1 : {x1 x2} → x3

F4 : {x1} → x4

F3 : {x3} → x2

F2 : {x3 x4} → x1

F4

Fig. 1. An example of a graph of precedences.

Lemma 1. Let Fi and Fj be two minimal functional dependencies such that
Fi ⊆ Fj, i.e. that Xi ∪ {yi} ⊆ Xj ∪ {yj}. Then yj ∈ Xi ∪ {yi}.

Proof. If yj /∈ Xi ∪ {yi} it means that Xi ∪ {yi} ⊆ Xj and, therefore, that Fj

is not a minimal functional dependency because there is another dependency,
namely Fi, contained inside its left-hand side. �

Consider, for example, the minimal dependency F : {x1, x2, x3} → y, the
only way to further decompose the scope obtained after applying this dependency
is with a functional dependency of the form {y} → x1 or {x2, y} → x3 but y is
mandatory on the left-hand side.

Theorem 4 (Unique Minimal Reformulation). The minimal reformulation
obtained after applying a valid set of minimal functional dependencies δ on a
scope S is unique and the dependencies of δ can be used only once.

Proof. Let δ∗ be the root set of δ and initial scope S, i.e. such that δ∗ =
root(δ, S) = {Fi ∈ δ|∀Fj ∈ δ : Fi 6⊂ Fj}. Let k = |δ∗|, the number of func-
tional dependencies in δ∗. The reformulation obtained using δ∗ is unique. Since
δ∗ is acyclic (being the root of δ), the set of all yi variables of the dependencies
Fi : Xi → yi of δ∗ are different; if Fi and Fj are such that yi = yj then we
would have both Fi ≺ Fj and Fj ≺ Fi (having yi ∈ Xj ∪ yj and yj ∈ Xi ∪ yi

in Theorem 3) so δ∗ would be cyclic and δ would not be valid. All {y1, . . . , yk}
are different, therefore, each Fi can only be applied on the main scope S. The
reformulation obtained by applying dependencies of δ∗ in an order respecting
their precedences is made of either k + 1 or k new scopes:

S − {y1, . . . , yk}
X1 ∪ {y1}
. . .
Xk ∪ {yk}

or

X1 ∪ {y1}
. . .
Xk ∪ {yk}.

The scope S −{y1, . . . , yk} might be removed if it is included in one of the Xi ∪
{yi} scopes, in order to ensure that the reformulation we obtain is minimal. This
does not affect the rest of the reformulation as no other dependencies hold on this
scope (all other dependencies involve a yi because of minimality of dependencies)
and the reformulation of the scope that contains it will be lossless. The resulting
reformulation after this first step is, therefore, unique and involves k or k + 1
new scopes.

Now consider a dependency Fi ∈ δ−δ∗, Fi has precedences with at least one
dependency of δ∗ and it holds on a single scope of the previous reformulation.



Indeed, there exists an Fj of δ∗ such that Fi ⊂ Fj and this Fj is unique because
yj ∈ Xi ∪ {yi} (Lemma 1) and all {y1, . . . , yk} are different.

The remaining dependencies are, therefore, partitioned amongst the previous
scopes and this partition is also unique. (Notice also that S−{y1, . . . , yk} cannot,
therefore, be decomposed further as all other dependencies must involve one of
the yj variables.) This will result in potentially k new unique reformulations, by
the same reasoning, showing that the overall reformulation of S by δ is unique
and that every dependency can be used only once in the process. �

Theorem 4 is a key result that underlies the reformulation algorithm and its
O(2n) complexity. The reformulation of a valid set can be quickly computed be-
cause any order of the dependencies that respects the precedence graph produces
the same result. One can, therefore, simply search for valid sets amongst the sub-
sets of the original dependencies for the best reformulation without considering
all possible sequences which would give an O(n!) complexity.

A reformulation from a valid set δ of dependencies holding on an initial
scope S is computed using Algorithm 1. Line 4 computes the root set of the
dependencies holding on the current scope. This scope is then removed from the
current reformulation (line 6) and all the new scopes obtained from δ∗ are added
to the reformulation (lines 7-8). Lines 9-10 ensure that the algorithm returns a
minimal reformulation.

Algorithm 1 : Decompose(δ = {F1, . . .Fn}, S = {x1, . . . xr})
1. DS ← {S};
2. While δ 6= ∅ Do
3. For each Sk ∈ DS Do
4. δ∗ ← root(δ, Sk);
5. If δ∗ 6= ∅
6. DS ← DS − Sk; c← |δ∗|;
7. For each Fi ∈ δ∗ Do
8. DS ← DS ∪ {Xi ∪ {yi}};
9. If @P ∈ DS, {Sk − {y1, . . . , yc}} ⊆ P;

10. DS ← DS ∪ {Sk − {y1, . . . , yc}};
11. δ ← δ − δ∗;
12. Return DS;

5.2 Complexity of Arity-Bounded Reformulation

Given a set of functional dependencies, we seek to use them to find a refor-
mulation in which the maximum arity of the constraints is minimised. This
problem can be shown to be NP-Hard, since the corresponding decision problem
can be used to solve the Feedback Vertex Set problem, which is known to be
NP-Complete. We define the basic decision problem as follows.



Bounded Max-Arity Reformulation
Instance: A set δ of minimal functional dependencies holding on a scope
S = (x1, . . . , xm), and an integer 1 ≤ b ≤ m.
Question: Does there exist a subset δb ⊆ δ with a∆(S,δb) ≤ b where
a∆(S,δb) = maxSi∈∆(S,δb)|Si| is the maximum arity of the scopes in the
reformulation obtained using δb?

Our complexity proof is based on a reduction from the Feedback Vertex Set,
which is known to be NP-Complete [9].

Feedback Vertex Set
Instance: A directed graph G = (V,E) and a positive integer k ≤ |V |.
Question: Does there exist an X ⊆ V with |X| ≤ k such that G with
the vertices from X removed is acyclic?

Theorem 5. Bounded Max-Arity Reformulation problem is NP-Complete.

Proof. Clearly this problem is in NP. Given a valid set of functional dependen-
cies, the maximum arity of the resultant unique reformulation can be computed
in polynomial time (Theorem 4).

Consider an instance of the Feedback Vertex Set on a graph G = (V,E)
with |V | = n. We construct an instance of the Bounded Max-Arity Refor-
mulation problem in the following way. A functional dependency Fk : {. . .} →
vk is associated with each node of V . Then each vk is instantiated to xk and
added to the left-hand side of all dependencies corresponding to the predeces-
sors of vk in G. Moreover, we add n new variables from {xn+1, . . . , x2n}, one to
each left-hand side all functional dependencies. Figure 2 shows the construction
resulting from the two previous steps on an example graph G. The size of these
dependencies is at most n + 1 (a complete graph), they respect the precedences
of G, they are minimal and can only apply on the main scope, i.e. they are not
included in one another. Let δ be such a set of dependencies.

We then introduce as many variables as needed to ensure that the largest
arity is always found on the main scope of any reformulation; this way, the two
objective functions match perfectly and removing the fewest number of nodes
to achieve acyclicity gives rise to the reformulation with the smallest maximum
arity. The set of variables becomes {x1, . . . , x2n, . . . x2n+2}, so that m = 2n + 2.
Finally we choose b = m− (n− k).

The Feedback Vertex Set has a solution by removing at most k nodes if
and only if there is a reformulation whose maximum arity is less than b:

⇒ Let’s assume that we have a solution of the Feedback Vertex Set with
|X| ≤ k. Then the remaining n−k nodes define a set of dependencies without
cycles. n−k variables are removed from the main scope {x1, . . . , x2n, . . . x2n+2}
leading to an arity of 2n+2−(n−k) = n+2+k = b. In the best case (k = 0)
the arity is of size n + 2 which proves that it is the maximum arity because
the size of the dependencies are at most n + 1 and thus a∆(S,V −X) ≤ b.
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Fig. 2. An example set of dependencies built from a given graph.

⇐ A solution of Bounded Max-Arity Reformulation is an acyclic subset
δb of δ such that a∆(S,δb) ≤ b. It follows that at least m − b variables have
been removed from the main scope which means that at most n − (m − b)
corresponding nodes X have been removed from the graph and |X| ≤ n −
(m− b) = k. �

Notice, finally, that for any set of minimal functional dependencies there
always exists a relation in which only these dependencies hold (as well as all
dependencies logically implied by them). Such relations are called Armstrong
relations, and a proof of their existence can be found in [3]. The time complexity
to generate an Armstrong relation is exponential in the number of functional
dependencies required to hold in it. Fortunately, we do not need to build this
relation. Our only assumption is that the set of functional dependencies is given
explicitly, since the problem of finding all minimal functional dependencies is
itself NP-Hard.

5.3 Computing the Reformulation with Smallest Maximum Arity

We describe a simple algorithm for computing the reformulation with the small-
est maximum arity (Algorithm 2). We consider an initial scope S and a set of
minimal dependencies δ that hold on S with |δ| = n. The algorithm is, basically,
a branch and bound over the subsets of δ. At each node it deals with the current
partial set of dependencies (called PD) and the set of current candidate depen-
dencies (called CD) to be included (or not) in PD. Algorithm 2 is invoked by
calling BestDecomp(δ, ∅, S).

The following procedures are applied :

– if CD is empty, we compute the unique reformulation using Algorithm 1 and,
therefore, its maximum arity (Line 3) and update the best known solution
if needed. Notice that at this point PD is a valid set of dependencies.

– Otherwise, the method Pruning(CD, PD∪{Fi}) removes all functional de-
pendencies Fj of CD such that PD∪{Fi}∪{Fj} would not be a valid set (if
a set of dependencies that have to be in the same root set contains a cycle).

– If the bound obtained for the new pair (CD − FD,PD) is compatible with
the best known solution, the algorithm branches.



Algorithm 2 BestDecomp(CD = {Fi, . . .Fn} , PD, S)
1. If CD = ∅
2. DS ← Decompose(PD, S);
3. maxArity ← maxSk∈DS |Sk|;
4. If maxArity < bestKnownMaxArity

5. bestKnownMaxArity ← maxArity;

6. store DS as the new best known solution;

7. Else
8. CD ← CD − {Fi};
9. FD ← Pruning(CD, PD ∪ {Fi});
10. If Bound(CD − FD, PD ∪ {Fi}, S) < bestKnownMaxArity

11. BestDecomp(CD − FD, PD ∪ {Fi}, S);
12. If Bound(CD, PD, S) < bestKnownMaxArity

13. BestDecomp(CD, PD, S);

We turn our attention to the bounding procedure (Algorithm 3). The follow-
ing simple bound considers each dependency Fi of PD separately and computes
a lower bound for the maximum arity of the reformulation resulting from its
use. One can bound the best way to reduce the arity of the scope Si of Fi by
bounding the maximum number of dependencies that can actually be applied on
Si (lines 6). Indeed, each dependency decreases the arity of Si by one and the
biggest remaining scope after reformulation is often what remains from Si itself.
Line 8 takes the initial scope into account and perform the same reasoning. We
use a naive lower bound for the size of the minimum vertex feedback set which
involves partitioning the graph into cliques P = {C1 . . . Ck}. In each clique, all
nodes except one must be removed to break all the cycles. Any partition P ,
therefore, gives a lower bound as

∑
Ci∈P (|Ci| − 1).

Algorithm 3 Bound(CD, PD, S)
1. lb← 0;
2. AD ← CD ∪ PD;

3. For Fi ∈ PD Do
4. Si ← Xi ∪ {yi};
5. δi ← {Fj ∈ AD|Fj ⊂ Fi};
6. lbi← |Si| - (|δi| - lower bound on the min. vertex feedback set in Gδi);

7. lb← max(lb, lbi);
8. lbs← |S| - (|AD| - lower bound on the min. vertex set feedback in GAD);

9. Return max(lb, lbs);

Many other bounds could be designed, but our focus here is to show that the
main complexity of this algorithm is O(2n) and not O(n!). Further investigations
remain to be carried out to improve this algorithm and, especially, the bounds.



6 Experiments

The objective of our experimental evaluation was twofold4. Firstly, we wished to
evaluate the extent to which functional dependencies could be used to effectively
reformulate real-world table constraints in order to reduce the maximum arity of
the constraints in the reformulation. Secondly, we sought to show that using a re-
formulation of table constraints based on functional dependencies more compact
minimal conflict explanations could be found and how they compare with those
computed using a proof-based explanation technique [13]. We used a well-known
approach to generating proof-based explanations to determine the subset of the
variables in the problem that were used to compute a proof of insolubility. From
this set of variables we computed the set of constraints in the corresponding
explanation by projecting the original problem constraints onto the set of vari-
ables used in the proof. Our experiments achieved each of these objectives and
support our claim that exploiting functional dependencies in constraint relations
is a promising approach to automated reformulation of table constraints.

We have used a well-known library, called TANE [11], to compute the set of
functional dependencies in a constraint relation. Four datasets were used in our
experiments:

1. From the Renault Megane Car Configuration Problem [1] we used the two
largest table constraints (R80 and R140). R80 involves 10 variables and
contains 342 tuples, while R140 involves 9 variables and contains 164 tuples.

2. We used a dataset of digital cameras, defined using 11 variables and 112
tuples [19].

3. We used a dataset of laptops, defined using 13 variables and 403 tuples [19].
4. We used the AI-CBR travel case-base, defined using 9 variables and 1470

tuples [14].

For each dataset we removed any field that gave a unique identifer to each tuple,
since these would have introduced many “artificial” dependencies. Specifically,
this resulted in the arities of the digital camera and laptop datasets being reduced
to 8 and 10 variables, respectively. All other datasets remained unchanged.

6.1 Experiment 1: Reformulation of Real-World Constraints

The objective of this experiment was to evaluate the extent to which a func-
tional dependency-based reformulation could be used to reformulate the table
constraints in each of our datasets. This experiment involved computing the set
of all functional dependencies, and computing a reformulation with the smallest
maximum arity. We summarise our results in Table 2. We report the number of
tuples and arity of the initial tables. We also present the number of functional
dependencies found by TANE, from which we find the best reformulation, i.e.
the one that gives a reformulation whose maximum arity is smallest. For each
4 Experiments were implemented using Choco (http://choco-solver.net), and run

on a MacBook with 2Gb of RAM and a dual core 2Ghz processor.



dataset we report the number of constraints, minimum and maximum arity, and
the time (in seconds) taken to compute the optimal reformulation5.

Table 2. Lossless reformulations of the table constraints in our dataset.

Dataset #tuples arity #dependencies #constraints min.arity max.arity time(s)

camera R0 112 8 41 4 4 5 0.051
laptop R0 403 10 54 6 5 6 0.022

renault R80 342 10 2 3 2 8 0.002
renault R104 164 9 11 6 2 4 0.025

travel R0 1470 9 7 4 3 6 0.004

There are several very positive results in this table. Firstly, the optimal re-
formulation can be found extremely quickly. Secondly, it is possible to find re-
formulations in which the maximum arity is significantly reduced, e.g. by 55% in
the case of the Renault R104 constraint. Thirdly, it is interesting to see that the
reformulations found can sometimes contain constraints of very low arity. Specif-
ically, for both constraints from the Renault configuration problem we were able
to find an equivalent reformulation involving some binary constraints.

6.2 Experiment 2: Comparing Compact Explanations

The objective of this experiment was to measure the compactness of the expla-
nations of inconsistency found for each dataset using the original constraint, as
well as a reformulation with the smallest maximum arity and those found using
a proof-based technique. In each case we computed an explanation as a set of
constraints that formed a conflict in the problem. It should be noted, however,
that the proof-based explanations are not guaranteed to be minimal, and are
composed of relaxations of the constraints. We include a comparison with the
proof-based approach because it is the only other approach able to deal with
large arities, and it is informative to see how it compares against the minimal
explanations found on the reformulation. The key measurements taken in this
experiment were the number of variables, along with the arity of the constraints
involved in the explanations of inconsistency. A more compact explanation in-
volves fewer variables and constraints of lower arity. We used the same datasets
as before, but in the case of the Renault tables we combined both together in
the same problem, giving us four scenarios in total.

The approach we adopted was, for each dataset, to add a set of randomly
generated binary constraints to force inconsistency with a given (set of) table
constraint(s), but are consistent without the table constraint. Therefore, in the
case where the table constraints in our datasets were used in their original form,
the table constraints were involved in all explanations of inconsistency. However,

5 This does not include the time needed by TANE to extract the dependencies, which
was always less than 0.1 seconds on these tables.



using the reformulation, it was often possible to find a much more compact
explanation, as our results illustrate.

To generate a variety of classes of inconsistent problems for which we com-
puted explanations, we varied both the density of constraints to be combined
with the constraints in our dataset, and their tightness. The density of a set of
constraints is the percentage of all possible binary constraints that can be defined
on a set of variables that are present in the constraint network. The tightness
of a constraint is the percentage of all possible tuples that can be assigned to a
pair of variables that violate the constraint.

Table 3. Constraint density and tightness settings used in our experiments.

Dataset density (%) low tightness (%) high tightness (%)

camera 43 75 88
laptop 27 69 90
travel 33 72 94
renault 8 42 88

For each dataset, 20 problems are generated: 10 with a low tightness and 10
with high tightness. The density and tightness of the random binary problems,
therefore, varied for each table as it is related to the size of the initial scope and
the initial domains of the variables in the constraint. The low tightness setting
was chosen to be the first tightness found before the problems generated began to
be inconsistent and the high tightness setting is the last tightness found before all
problems generated are inconsistent. Table 3 summarises the parameters used
to generate the set of additional binary constraints used for each dataset to
generate inconsistencies.

To fairly compare the compactness of explanations found using the refor-
mulation against that of the original constraint, for each inconsistent problem
we computed the set of all minimal conflicts using a well-known algorithm by
Bailey and Stuckey [2]. Based on the set of all possible minimal conflicts, we
measured both the smallest maximum arity and the total number of variables
in that best explanation (we refer to this as best), and the average maximum
arity and average total number of variables (which we refer to as avg).

In Figure 3 we present our results. For each dataset we show two figures: one
for the cases where inconsistency was caused by the addition of low tightness
constraints, while in the other high tightness constraints were used. In each case,
we plot: (a) a point at a coordinate given by the average minimum number of
variables in the explanation and the corresponding average smallest maximum
arity (the best case); and (b) a point at a coordinate given by the average
number of variables in the explanation and the corresponding average arity (the
avg case). The former represents the best case, while the latter represents the
average measurements for the explanations we compute. We also plot coordinates
corresponding to the original constraint in each case.
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Fig. 3. Experimental results showing the compactness of the explanations found using
reformulations of table constraints, as compared with the original case. Note that the
avg and best values for the original constraint always coincide, except for the Renault
dataset.



It is clear that, in each case, the minimal set of constraints sufficient to explain
inconsistency in the case of the reformulation is always more compact than if
the original table was used. It is often possible to find explanations that either
reduce the arity of the largest constraint, or the number of variables involved in
the explanation by almost half. When the constraints added are of high tightness,
in the case of the Renault tables (Figure 3(d)), the number of variables can be
reduced from nine to almost three, while the maximum arity constraint in the
explanation is reduced from nine to two.

We also compared the compactness of proof-based explanations for each of
the problems studied with the reformulation-based approach. The comparison
was performed by considering the average arity of the constraints and the average
number of variables in the explanations extracted from each insolubility proof.
We present the results in Figure 3 as the data-points marked proof (avg). With
the exception of the results on the Renault instances, the best explanations found
using the reformulation approach are more compact than those found using the
proof-based approach; in the case of Renault the proof-based explanations are
marginally more compact, but not convincingly so. In the average case, the arity
of the constraints in explanations found from the reformulation is lower than
those found using the proof-based approach. When the tightness of the user’s
constraints is low, both methods produce explanations in terms of a similar
number of variables. However, when the tightness of these constraints is high,
the proof-based method can find explanations in terms of fewer variables.

Our reformulation-based approach is based on the concept of lossless refor-
mulation. Therefore, our explanations are not based on an unsound relaxation of
the problem. The proof-based approach can find arbitrarily lossy relaxations of
constraints, therefore, it can be regarded as finding compact explanations at the
expense of soundness of the constraints that are used in the explanation. The fact
that we find lossless explanations and remain competitive, often outperforming
a proof-based method, is very encouraging.

Finally, proof-based explanations can only be generated using a constraint
solver that maintains eliminating explanations. Most commercial solvers do not
do this. However, our approach is based on a reformulation of the problem,
so any minimal conflict generation algorithm, e.g. Junker’s QuickXplain algo-
rithm [12] which is used in a number of ILOG products6, can be used to generate
compact explanations without any modification to the underlying solver.

7 Conclusions and Future Work

We have presented a novel approach to automatically reformulating constraints
defined as a table of allowed assignments to variables. Constraints of this form are
common in a variety of settings, such as product configuration or recommender
systems for complex catalogues of products. We demonstrated that by using
functional dependencies from the field of database design, reformulations of table

6 ILOG is a major supplier of optimisation technology, http://www.ilog.com.



constraints could be found that yield compact explanations of inconsistency by
reducing both the number of variables required to explain inconsistency and the
arity of the largest constraint involved in the explanation. We demonstrated our
approach on real-world datasets with very positive results.

There are several extensions to this work we plan to pursue. Firstly, there
are many more general forms of dependency that can be explored in the context
of automated constraint reformulation. For example, approximate dependen-
cies [11] hold if a given percentage of tuples are removed from a table. Multi-
valued dependencies can also be useful [4].

Secondly, in this paper we considered optimal reformulations to be those
in which the largest constraint arity in the reformulation was minimised. As
discussed earlier, we can also consider the objective of minimising the total
memory size of the constraints in the reformulation. When the motivation for
reformulating constraints is to facilitate the generation of more compact minimal
conflict explanations we prefer to minimise maximum arity.

Thirdly, while in this paper our focus was on reformulating positively defined
table constraints, it is also interesting to consider the problem of reformulating
negatively defined table constraints, i.e. those that are defined in terms of no-
goods. In this setting, a reformulation that is not lossless corresponds to a restric-
tion, or tightening, of the original constraint. This has interesting implications
for a variety of reasons, each worthy of further study.

Finally, while we have used functional dependencies to reformulate table con-
straints, it is interesting to consider how they can improve search performance
over a given instance. It is easy to see that functional dependencies can help parti-
tion a set of problem variables into those decision variables over which we search,
and those that are set by these variables by propagation. In a setting where a
specific problem instance will be solved many times over, a search heuristic that
exploits functional dependencies might be very efficient. The general question of
how to exploit functional dependencies during search is an interesting direction
for further study.
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